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Introduction

Let F be a field of characteristic zero, F(z) = F(z1, 2,...) the free associative
algebra of non-commutative polynomials. Let V be a variety of P.I. algebras,
given by a T ideal of identities I C F(z). Let

v,
P, (V)= —=
V) Va1
denote the multilinear polynomials of degree n in z,...,Z, in the relatively free
algebra in V; then
. Vi
cn(V) = dim (Vn ;; )

is the nth codimension of V.

It was proved in [GZ2] that limy,_, {/cn(—V) always exist and is a non-negative
integer (see also [GZ1]). It is denoted by Exp(V) = limy e 3/cn(V).

The polynomial

Cm+1 = Cm+1[271,~-,$m+1;y1,---,ym]
= Z(—l)a%a)ylwo(z)w “ YmTo(mt1)

is called the (m + 1)th Capelli polynomial. Let C,,11 denote the set of the 2™
polynomials obtained from ¢,,+; by deleting a subset of the y’s (i.e. substituting
y; — 1 for such a subset). Let I be the T ideal generated by Cp,41, with the
corresponding variety U,,4+1. Capelli polynomials play a major role in P.I. theory
and our objective here is to calculate Exp(Uy,+1). These polynomials were first
introduced by Razmyslov [Ra] in his construction of central polynomials for k x k
matrices. It is easy to show that for a finite dimensional algebra A, if dimA = m
then A € U,y (i.e. A satisfies f = 0 for any f € Cpq1). Moreover, any finitely
generated P.I. algebra A satisfies Cp,1 for some m. See, for example, Theorem
2.2 in [K].

Let S, be the symmetric group. Then F,{V) is a left FS,, module, hence
defines the S,, character

xn(V) = x5, (Pa(V)),
known as the cocharacter of V [R1]. It is well known that
xa(V) =Y maxa
Abn

where A F n (i.e. A is a partition of n), xx the corresponding irreducible S, char-
acter and m the corresponding multiplicity of x» in x» (V). The nth cocharacter
xn(A) of a P.I. algebra is defined similarly.



Vol. 115, 2000 CODIMENSIONS FOR CAPELLI IDENTITIES 335

In terms of cocharacters, Capelli identity is almost the general case in P.I
theory. Recall the notation H(k,&n) = {(A1,A2,...) b n| Aey1 < €}, H(k,£) =
U, H(k,¢;n). For a general (P.1.) variety V' there exist k, £ such that {x.(V)} C
H(k,£), ie. xa(V) = X rcm.en) MaXa [AR]. However, A satisfies Cpy1 if and
only if {xn(A)} C H(m,0) [R2).

Our objective here is to calculate Exp(U,,11). Since m,’s are always polyno-
mially bounded [B], [BR2], it follows from [R3] that Exp(Upn+1) < m. In case
m = k2, it follows from [R4] that

Exp(Up241) = k2.

For an arbitrary m we prove here the following

THEOREM:
(1) m — 3 < Exp(Up+1) < m.
(2) Exp(Upm+1) = max{a1,az,as,as} where

a; = max{d} +--- + dfl di,...,d; are positive integers and

(1)
B+ +d+j<m+1}.

(3) Exp(Um41) = m if and only if m = ¢? for some q.

The proof, which is given below, applies, in an essential way, the classical
theorem that every 0 < m < Z is a sum of at most four non-zero squares.

Note that the codimension growth of U, does not depend on extensions of
the ground field. Therefore, we assume below that F is an algebraically closed
field of characteristic zero.

LEMMA 1: Let By,..., By be finite-dimensional simple algebras over F such that
B = B, ®&--- & By, is a subalgebra of finite-dimensional algebra A with Jacobson
radical J = J(A). Also let d; = dimB;, i = 1,...,k, andd = dy + --- + d.
Suppose that

(2) ByJByJ---JB, #£0

in A. Then A ¢ Ud+k——1-

Proof: Since F is algebraically closed, any B; is isomorphic to some matrix
algebra over F. The inequality (2) implies that there exist ¢;,...,ck—1 € J,
e; € B;,i=1,...,k such that

(3) eiciexcy - ck—16x # 0,
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each e; is some matrix unit from B;, and also
(4) lLici=calin=q¢

where 1; € B; is an identity element from B;.

Now consider one of these algebras B; and fix its basis uj, ..., u} from matrix
units. Obviously, one can choose matrix units ai, ..., afii 41 € Bi such that
i i i i i, 4 i i 4 i
(5) filug, ... ug,, 01, a0, 41) = alugag - agugag = b #0,
but
i i i i _
(6) f,-(uo(l),...,ua(di),al,...,adi+1)—0

for any non-trivial permutation o € Sy, Since b’ is a matrix unit, there exist b},
bi such that bib*b} = e;.
By our choice, using (4), we have

(7) bitht' =0 ifteB1@®---®Br or t=c; forj#i.

(Clearif t € By & Ba--- @ By. If t = ¢;, then t = 1;¢;1;4, and 1;B; = B;1; =0
if 7 #4.) Also

(8) bithh =0 ift=c; or t€B,, s#i

(similar reasons!).
We now construct a polynomial which is alternating on d+ k — 1 variables and
has a non-zero value on A. Define it as Alt(g) for

g =g(a;{,...,z}il,...,x’f,...,:I;Zk,y%,...,y}ilﬂ,...,y?,...,yskﬂ,
21,00y ZRm1, Wi, - - -, W2d)
=w; frwpz1W3 fowazs - * Zk—1W2k—1 [k Wak,
where f; = fi(zi,..., 24 ,9},...,9}, 1) is the monomial constructed earlier for
B; and Alt means an alternation on all z},...,z% ,21,..., 2ze-1.
It follows from (4) that l;c; = c;1, = 0if i # j, s # j + 1. Hence, from (5),

(6), (7), (8) and (3) it follows that for the substitution ¢ such that

p(@t) =ul, ol =d:, wl@)=c, ewi-1)=0,

p(ws;) = b
we get

<p(A1t(g)) = ¢(g) = e1cre9¢2 -+ - 16k # 0.

This last inequality proves Lemma 1. ]
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LEMMA 2: For any k > 1 and for any integers qi,...,qx > 1 there exists a
finite-dimensional algebra A = B + J with a semisimple subalgebra B and the
Jacobson radical J such that

(1) B=B,®--- & Bx.

(2) All B;’s are s1mple with dim B; = ¢2.

(3) Exp(A) =¢? + -+ ¢ =dimB.

(4) A € Ugyr where d = Exp(A).

Proof: We construct A as block upper-triangular matrices

B1 *
B,

0 By
where B; are the ¢; x ¢; matrices over the field F.- Then B=B,1@®---® B, is a
semisimple subalgebra in A and J consists of all block strictly upper-triangular

matrices.
By [GZ1] the exponent of A is exactly dim B = @+ + g since

B1JByJ---JBx #0.

On the other hand, any multilinear polynomial f = f(z1,...,Zdvk,Y1,Y2,---)
alternating on the d + k variables x4, ...,Z44x is equal to zero identically on A.
Indeed, by multilinearity we can consider only substitutions ¢: z; — T;, y; — ¥,
Zi,J; € A,such that T € BorZ; € Jfor 1 <i < d + k. However, if T; € B for
d + 1 or more T’s then ¢f = f(Z,7) = 0 (by alternation). On the other hand, if
we substitute more than k — 1 elements from J then ¢f = 0 since J* = 0. Hence
A satisfies all Capelli identities of rank d + k. ]

From [R2], {BR1], [R3] and [{GZ1] follows

LeMMA 3: The exponent t of the variety Up, 4 exists, is an integer and does not
exceed m.

The proof of the Theorem: By Lemma 3 the exponent t of U4 exists and
t = Exp(Um+1) £m.

If we define integers a;, j > 1 as in (1), then by Lemma 2 one has ¢ > a; and
therefore

9) t > ag = max{a1,a9,a3,a4}.
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We now apply the classical theorem (proved by Lagrange more than 200 years
ago) stating that any positive integer is the sum of at most four squares of
integers. (For the history of that theorem, see for example [NZM].)

Consider such a decomposition for m — 3:

(10) m-3=q¢+-+q, @1 1<k<4
It follows from (10) that

2 2 2 2

it t+gt+rk<g+-+gt+d<m+1l

Applying Lemma 2 again we see that one of a;,...,a4 is not less than m — 3.
Hence ag > m — 3 and ¢t > m — 3 by (9), and the first statement of the theorem
is proved.

To prove the second statement recall that any variety with a Capelli iden-
tity can be generated by some finite-dimensional algebra, i.e. U1 = var(A),
dim A < 0o (see Theorem 2.2 in [K]). In particular Exp(A) should be equal to ¢.
It was shown in [GZ1] that in this case there exists a family of simple subalgebras
B4,..., By such that B; & --- @ By, is a semi-simple subalgebra in A and

B1JBoJ -+ JBy #0,

where J is the Jacobson radical of A. In addition, Exp(A) =t =dimB; +--- +
dim By,.

Now A € U471 and, by Lemma 1, A ¢ U, —1. Hence ¢ + k — 1 is strictly less
thanm+1,ie.t+k—1<m. It follows that t <m + 1 — k.

Now if k£ > 5 then

t<m4+1-k<m+1-5=m—-4<m-23,

which contradicts the first statement of the theorem. If £ < 4 then denote
dim B; = ¢2. Recall that our field is algebraically closed, so any simple finite
dimensional algebra is a matrix algebra. By definition of ay,...,a4 one has

(11) t=qg +- +q < ag < a.

Comparing (9) and {11) we get the second statement of the theorem.
Finally, for m = ¢? it follows from (1) that a; = ¢> = m and Exp(Upp41) = m.
If m # ¢%, then a; +1 < m+1 and a; < m—1. Also ay, a3, a4 cannot be greater
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than m — 1 by definition. This proves the inequality Exp{(U,,+1) <m—1#m
in the case m # ¢*. |

We conclude by showing, by examples, that the estimation
m —3 < Exp(Unmt1) <m

cannot be improved.

One can easily check that Exp(Upm41) = m if m = 4, Exp(Upm41) = m — 1 if
m = 3, Exp(Upn+1) = m — 2 if m = 7. Direct computations based on the 2nd
statement of the theorem show that Exp(Usg) = 54 = 57 — 3.

Remark: As mentioned in the introduction, Capelli identities are a partial case
of the “hook condition” and for arbitrary variety V there is an infinite hook
H(k,?) such that x,(V) lies in H(k,£).

Since U,y corresponds exactly to H(m,0), our theorem shows that the
difference between the exponent ¢ of Uy, +1 and the size m of this strip cannot be
more than 3.

Define Ui 4 as a variety given by

my =0 in xn(Uke) = Zm,\x,\
AFn

if Ag+1 > £. In other words, Uy ¢ is the biggest variety whose cocharacter lies in
the hook H(k,£). We say that k + £ is the size of hook H(k,¥£).

It follows from [BR1|, [BR2] that Exp(Uk) < k+¢, and the following question
arises: is there an upper bound for k + £ — Exp(Ug4.¢) which is independent of k
and £7

It is known that any variety can be generated by the Grassman envelope G(A)
of some finite-dimensional Z,-graded algebra A [K, Theorem 2.3]. On the other
hand, it was proved in [GZ2] that Exp(G(A)) exists and is an integer. Moreover,
it was shown that the nth cocharacter of G(A) “asymptotically coincides” with
some hook H(r,t), where r = dim By, t = dim By, Exp(G(A)) = r+t and
B = By + B, is a semisimple Zy-graded subalgebra in A. It follows from Kemer’s
classification [K] that for any Z,-graded semisimple algebra we have

Hence, ¢t < r and Exp(Ug,¢) cannot be more than 2k. In particular, Exp(U; ¢} = 2
for any £ > 1. It shows that there is no such upper bound for the difference
(k + ¢) — Exp(Uy ¢) which is independent of k + £.
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Addendum

We thank S. Ahlgren for his essential help with this note.
Given m € Zy, let

aj(m)=max{d¥+---+d?|dl,...,dj€Z+ anddf+--~+d§§m+1—j}.

The classical theorem that every positive integer is a sum of at most four
squares clearly implies that a;s(m)} =m — 3.

Define: b(m) = max{ay,...,a4}.

It was proved in this paper that b(m) is the exponential rate of growth of the
codimensions of the Capelli identity cp41[Z1,-- -, Zm+1; Y1, -+ Yn)-

Denote W; = {m > 1| b(m)=m —i}, 0<i<3.

The natural densities of the W;’s are given below.
Given W C Z, the natural density d(W) is defined as

d(W) = lim [{ke Wk < n}|

n—o0 n

THEOREM: Each of the above sets Wy, ..., Wj is infinite. Moreover, they have
the following natural densities:

d(Wp) =0, d(Wy)=0, d(Wy)=5/6, d(W3)=1/6.
Proof: We have Z, =W, U--- U Wj, a disjoint union.
(1) Clearly, Wy = {n?| n > 1} is infinite, with density d(Wy) = 0.
(2) Wy = {n| n is not a square and n — 1 = a® + b?}. Trivially, W1 is infinite
[let m =n? 4+ 1€ Wy + 1, then m ¢ Wy and m € Wy, so Wy O Wy + 1]
Let [T, = {a® + b?| a,b € Z}, then W; C [], +1:

mewl:,m—leﬂz:meHZH.Let Hz(z):{teH2|t§m}.
By a classical result of Edmund Landau [1908],

L6 <e =

Thus d(W;) = 0.
(3) Given A C Z,, let A’ =Z, — A denote its complement. Let

H3 ={a®+ b+ ? a,b,c € Z}.
Then

W2={ﬂ|n—2€H3 a,ndn¢W0UW1}:{n]n—ZEHS}ﬂW(;ﬁWI'.
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Since d(Wp) = d(W1) = 0, hence d(Ws2) = d({n|n -2 € [[5}) = d([[; +2) =

d(ITa)-

By a classical theorem of Legendre [1798], m is not a sum of three squares (i.e.
m € [3) if and only if m = 4"(8k + 7).

The density of [T; is d(IT3) = §(1+ 1+ 3P+ ) =1 2r =

1
1-T =6

Thus d(W3) =1 —d([]3) = &.
(4) Since Z»y = Wy U--- U W3 is a disjoint union, clearly

5 1
d(W3) =1 = [d(Wo) +d(W1) +d(W)] =1 - ¢ = =.
In particular, d(W3) = . |
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